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Abstract

Value-based algorithms are a cornerstone of off-policy reinforcement learning
due to their simplicity and training stability. However, their use has traditionally
been restricted to discrete action spaces, as they rely on estimating Q-values for
individual state-action pairs. In continuous action spaces, evaluating the Q-value
over the entire action space becomes computationally infeasible. To address
this, actor-critic methods are typically employed, where a critic is trained on
off-policy data to estimate Q-values, and an actor is trained to maximize the
critic’s output. Despite their popularity, these methods often suffer from instability
during training. In this work, we propose a purely value-based framework for
continuous control that revisits structural maximization of Q-functions, introducing
a set of key architectural and algorithmic choices to enable efficient and stable
learning. We evaluate the proposed actor-free Q-learning approach on a range
of standard simulation tasks, demonstrating performance and sample-efficiency
on par with state-of-the-art baselines, without the cost of learning a separate
actor. Particularly, in environments with constrained action spaces, where the
value functions are typically non-smooth, our method with structural maximization
outperforms traditional actor-critic methods with gradient-based maximization. We
have released our code at https://github.com/USC-Lira/Q3C.

1 Introduction

Reinforcement learning (RL) has been highly effective in many domains, ranging from robotics
to gaming and recommender systems [25, 29, 45, 1]. Value-based RL methods such as Deep Q-
Networks (DQNs) [34, 17] are widely used in discrete action spaces due to their simplicity, training
stability, and sample-efficiency. However, these methods require maximization over the action space,
which is feasible only in discrete action spaces, requiring alternative approaches for continuous
control.

In problems with continuous action spaces, policy-based methods are typically used, such as DDPG
[30], SAC [16], and TD3 [ ! 1]. These approaches employ an actor-critic architecture, where the actor
(policy) is updated based on feedback from the critic (Q-function) to select the optimal actions, and
both components are usually parameterized by neural networks. While powerful, actor-critic methods
often face instability due to the coupled training of actor and critic, hyperparameter sensitivity, and
predicting in high-dimensional action spaces. Moreover, gradient-based actor-critic methods struggle
when the action space is constrained, such as when actions require to be within specific safety bounds
[8, 24], because the gradient-ascending actor can only find locally optimal actions.

Can we develop an actor-free value-based algorithm that can efficiently select optimal actions in
continuous domains? In this work, we propose to extend the DQN framework to continuous action
spaces via a Q-function representation that is structurally maximizable. This has been explored for
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quadratic models of the Q-functionf], but that has limited representation capacity. In contrast,
our approach builds upon a prior technique that uses a set of “control-points” to anchor Q-function
approximation §, 17], such that the maximum is at one of the control-points. This direction was
largely abandoned-[] due to poor benchmark performance and scalability in complex environments.
We revisit this direction with a series of critical design innovations that enable practical and effective
continuous Q-learning for the rst time with function approximation of control-points.

We propose the Q3C algorithm, Q-learning for continuous control with control-points, where our
contributions include: (1) combining a structurally maximizable Q-function with deep learning to

nd maxima easily in complex continuous action spaces; (2) an improved model architecture that
simpli es optimization by separating the complexity of control-point generation and value estimation;
and (3) algorithmic improvements that help make the algorithm robust across different environments
with various action spaces and reward scales. We evaluate our approach on a range of continuous
control Gymnasium task${[] where Q3C is on par with the performance of common deterministic
actor-critic methods. Particularly, in complex environments with constrained action spaces, where
gradient-based actor-critic methods struggle, Q3C consistently outperforms existing approaches. We
also conduct ablation studies to measure and visualize the impact of each design component in Q3C.

2 Related Work

Off-policy actor-critic methods are widely employed for tasks with continuous action spaces.
Among them, Deep Deterministic Policy Gradient (DDP@)][is particularly in uential. As a deep
variant of the deterministic policy gradient algorithr®'], DDPG combines a Q-function estimator
with a deterministic actor that seeks to maximize the estimated Q-function. However, the interaction
between the actor network and the Q-function estimator often introduces instability, making DDPG
highly sensitive to hyperparameters and dif cult to stabilize.

Various improvements to address these shortcomings have been proposed, including multi-step
returns 9], prioritized replay buffers4(], and distributional criticsq]. One notable extension,

Twin Delayed Deep Deterministic Policy Gradient (TD3)], introduces several key modi cations,

such as delayed updates for the policy, target networks, and the use of clipped double Q-learning,
to signi cantly improve the stability and robustness of training, making TD3 one of the most
widely adopted algorithms for continuous control. However, TD3 often performs suboptimally in
environments with complex or non-convex Q-function landscapes. To address this, Jaji/gt al.
propose augmenting TD3 with a successive actor framework that trains multiple actors to explore
different modes of the Q-function. However, this approach introduces additional computational
overhead and inference-time latency. Furthermore, the expressiveness of the actor's parameterization
may still be insuf cient to capture complex optimal action distributions. Finally, Soft Actor-Critic
(SAC) [16] learns a stochastic policy that maximizes an entropy-regularized Q-function.

Evolutionary algorithms like simulated annealing’[/], genetic algorithms/{/], tabu searchi/],

and cross-entropy methods (CEM] pre deployed for global optimization in RL but often suffer
from premature convergence at local optima in environments with complex Q-functign€EM
approaches such as QT-Opi5[ 28, 26], GRAC [43], CEM-RL [35], and Cross-Entropy Guided Poli-
cies [46] are relatively effective but additionally introduce a high computational workload, struggling
with high-dimensional action spaces as sampling becomes progressively more inef cient [53].

Value-based methodsas opposed to actor-critic methods, suffer from the challenge of nding the
maximal action in continuous domains. Prior work approach this problem via various optimization
techniques to minimize the Bellman residud], including mixed-integer programmingJ], the
cross-entropy method’f], and gradient ascenti]. While these approaches can be effective,
they often result in either suboptimal local maximization or are computationally impractidal [
Another line of work discretizes the action space and performs Q-weighted averaging over discrete
actions B7]. Though effective in low-dimensional settings, this approach does not scale well to
high-dimensional tasks. Gu et §1.5], Wang et al[52] propose a different approach by constructing
the state-action advantage function in quadratic form, allowing for analytical solutions to directly
obtain the Q-value maximum. However, this formulation restricts the Q-function's expressivity to
be quadratic in action space, restricting its practical applicability. Amos Eilahake a similarly
limiting assumption that the Q-function is universally convex in actions and use a convex solver for
action selection. Most similar to our approach, Asadi ef3lproposed RBF-DQN, which learns



Q-functions without an actor by using a deep network with a radial basis function (RBF) output layer,
enabling easy identi cation of the maximum action-value. However, standard RBF interpolation
does not guarantee that the maximum lies at a basis centroid. It has an implicit smoothing trade-off
between how expressive the Q-function can be in modeling various local optima and how close a
basis centroid is to the true maxima. In contrast, the control-point approximation framework of Q3C
alleviates this trade-off, being notably more adaptable to arbitrarily shaped Q-functions, including
those with multiple modes or non-convexities. Thus, Q3C exhibits the ability to nd the accurate
maximizing action, which was the primary bottleneck of prior value-based methods.

Our work builds on a less known but promising framework that approximates Q-values using control-
points, also referred to agire- tting interpolators [5, 12, 13]. While earlier studies included this
approach as a baseline, they reported poor or unstable performignée][ In this work, we revisit

this framework and propose several novel modi cations that are crucial to stabilize learning, enabled
by advances in deep learning and reinforcement learning. We demonstrate that, with these critical
additions, control-point-based Q-function approximators become competitive with state-of-the-art
reinforcement learning algorithms in standard benchmarking environments and outperform them on
constrained action space environments.

3 Preliminaries

3.1 Q-Learning

We consider a Markov Decision Process (MDP), where at each time,sdiepagent observes the
states; 2 S and takes an actiom 2 A in the environmenE. The agent receives a rewar(s;; a;),
and transitions to the next statg; 2 S. The objective of the agent is to learn a deterministic policy
'S !PA that maximizes the cumulative return discounted by a factor®f0; 1) per time-step,
Re= 1, U 9r(s;a). Q-learning '3, 37 solves this by de ning the optimal action-value
functionQ (s;a) as the maximum expected return achievable after taking aatadrstates,

Q (s;@d=max E[Rijs =s;a=a; |
The greedy policy is optimal, = argmaxaza Q (S;a), whereQ follows the Bellman equation,
Q (sia)= Evg r+ maxQ (s%a)js;a : 1
af2A

Value iteration algorithms like Deep Q-Networks (DQN)Y] apply the Bellman equation as an
iterative update to train a function approximati@rwith weights , called the Q-network,

" #
2

Lgetimar( ) = Es:a r+ maxQ(shal ) Q(sia) )
where (s;a) is the probability distribution over states and actions in the collected training data.

3.2 Maximization in Q-Learning

The twomax operations involved in deriving the greedy policy from Eb). and evaluating the next
state's best Q-value in EQR) are easily computable in discrete action spaces by evaluating the Q-
values of every actior[3, 18, 34, 17]. However, they become infeasible in continuous action spaces.
To address this, the deterministic policy gradient algorithir) B0, 11] learns an “actor” policy

in addition to the “critic” Q-function. The actor is trained with gradient ascent of the Q-function
landscape, resulting in a greedy policy that nds locally optimal actions. Furthermoreahen

Eq. (2) is avoided by replacing the max-Q formulation with the expected-Q of the atip#{, 30].

However, the introduction of an additional actor brings several downsides: (i) additional hyperpa-
rameters for the actor network, making reproducibility a challenge due to interaction between the
learning of the actor and critie’[l], (i) computational overhead of increased training memory, and
(iii) actors trained with the policy-gradient can only nd locally optimal actions [24].



4 Q3C: Q-learning for Continuous Control with Control-points

We aim to simplify Q-learning in continuous action spaces by proposing a lightweight actor-free
approach that enables the maximization required in Equatigrend(2). Our key insight is to

learn a structurally maximizable representation of the Q-network that alleviates the need for an actor.
Previously, Baird and Klopf>] introducedwire- tting, a general function approximation system that
uses a nite number of control-points for tting the Q-function. This design reduces the problem of
nding the maximum over the entire action space to nding the maximum among the control-points.
However, the direct application of wire- tting to deep neural networks has led to poor resujts].

We identify the crucial challenges that have limitdelepwire- tting and propose our approach,
Q-learning for continuous control with control-points (Q3C), to address them.

4.1 Function Approximation Using Control-points

The wire- tting framework [5] facilitates nding the maximum of a functiofi : U ! R by
maintaining a set oN control-pointsU. = fusy;:::uy g and their corresponding valuesY, =
fyi:::yng. The valud (u) is evaluated as inverse weighted interpolation smoothedayithO,

1
ju Uij2 + G (ymax Yi).

f= 20 where w, = 3)
i Wi

As shown in Figure 1, this formulation guarantees that
the maximum of the functiof is attained at one of the
control-pointsy; 2 U such thai = arg maxy yk.

The smoothing parameter in our formulation affects
the function's value only at non-maximal control-points.
With small smoothing, the approximated function passes
through all control-points, whereas with a large smooth-
ing parameter, the function's value may differ slightly
at some control-points. However, in all cases, it is still
guaranteed that the maximum of the function lies at a
control-point—an advantage in highly non-convex Q land-
scapes.

. . o Figure 1:Wire- tting function. A Q-
This function approximation is extended to model @jnction represented by an interpolation

functionsQ(s; @) with the goal of nding the maximiz- ¢ aarnable control-points is structurally

ing actiona for any given states. Herein, the control- ;,5vimized at one of the control-points.
points and their values are learned as functions:of

Ac(s) = fai(s);:::ay (s)g andQc(s) = fQi(s);:::On (s)g. These sets of functions. and

Q. are modeled with function approximations like neural networks, for example, a shared neural
network backbone witBN scalar output heads fé (s) and®; (s).

P
i[:Qi(S) wi(s;a) (- a) = 1 :
L wi(s;a) wherewi(s:2) ja &(9)j2+c maxe Qmax Qi(s)

This representation of the Q-function enables Q-learning in continuous action spaces with the ability
to nd the maximal action via a direct maximization over scal@gs),

Q(s;a)=

(4)

arg m;’;le(s; a) = “a; wherej = arg max O (5)
I

In Appendix B, we prove the following proposition that replacing a neural network Q-function with
wire- tting interpolation in the Q-function preserves its universal approximation ability.

Proposition. LetA be a compact action set arstbe a given state. For any continuous Q-function

corresponding valueg = Qs(&) such that the wire- tting interpolator

1

- - ; satis es
ja  aj+maxe(yk Vi)

P o
f(a) = F-:,\} yi Wi (@) | wi (a) =

i=1 Wi (a) ,



Figure 2:Q3C Architecture consists of 3 components: (i) a control-point generator estimates the
representativél control-point actions, (i) a Q-estimator estimates the values of tRepeints, and
(iif) a wire- tting interpolator estimates the inverse-distance weighted Q-value of the given action.

ki Qsky =supjf(a) Qs(a)j<:
a2A

Hence, the wire- tting formulation can approximate any continu@(s; ) arbitrarily well.

Extension to Deep Reinforcement Learning.Prior attempts on adapting the above wire- tting
framework to deep neural networks struggled on high-dimensional continuous cariroris is in

line with prior works in deep RL{3, 3(] that show the need for specialized stabilization techniques in
the RL algorithm and architecture. Therefore, we propose to (i) build on the exploration and function
approximation tools of the TD3 algorithm [] which analogously learns deterministic policies for
continuous control, (i) reduce optimization complexity of the control-point architecture (Section 4.2),
and (iii) improve the robustness of training across different environments (Section 4.3).

Building on TD3. We explore with Gaussian-noise added over the deterministic action selected by
greedy maximization. We augment the training with twin Q-networks to avoid overestimation and
target networks to make the learning targets stationary ifZgTo encourage generalization, we
apply target policy smoothing to the maximizing actaft2 A , obtained via Eq. (5).

4.2 Reducing Optimization Complexity of Control-points

While building on TD3 provides the basic framework for deep wire- tting, the control-point archi-
tecture still suffers from two complexities of optimization: (1) a control-point's Q-vaus) is
learned without conditioning on its corresponding actfs) and must implicitly learn it in neural
weights, and (2) Q-function's global expressivity with many control-points comes at the cost of local
learning inef ciency because the backpropagated gradient is spread over all the control-points.

Action-conditioned Q-value Generation.Independently predicting the Q-valu@s(s) from their
control-pointsg; (s) lets the network assign very different values to identical or near-identical actions,
destabilizing learning. We instead structure the control-point architecture into 2 stages: a control-
point generatog (s) outputsN control-point actiong (s), for which a separate Q-estimator obtains

the corresponding Q-value; (s) = h (s;4;). The idea of evaluating various control-points with
the same Q-estimator is motivated from prior work on action representation generalizatiaf]|
and ensures consistency of Q-values and simpli es learning (see Figure 2).

Relevance-based Control-point Filtering.To enforce stricter locality than the soft weighting in
Eqg. (3), we evaluat€)(s; a) only using the togk control-point weightsw; (s; a) for the actiona
discarding the remainin k. This hard Iter removes spurious in uence from distant points,
sharpens the local value landscape, and yields a simpler learning task. Empirically, ctkoosiNg
consistently improves both training stability and nal performance across benchmarks.



Algorithm 1 Q3C

Initialize control-point generators , ;g , and Q estimatorl ,;h ,
Initialize target networks 2 ? i
Initialize replay buffer
De ne calc_g_value (s;a;; ) following Eq. (4)
De ne get_action(s) Eq (5)
fort=1toT do
Select Action
Select action with exploration noise and observe rewaadd new state®.
Store transition tupl¢s; a; r; s9) in replay buffer
Update
Sample mini-batch ol transitions(s; a; r; s% from replay buffer
a get _action( s + ;where clip(N(0;~); ;+ )
Qi(s% & calc_g_value( s%a; % 9 fori=1;2
y r+ minig124Qi(s% &)
Qi(s;a) calc_qg_ valys( s;a; i; i) fori=1;2
I—Bellman( i i) N ! (y Qi(S;a))z; Lseperatiol( i) Eq- (6)
Calculate losses( i; i) = Lgeimar( i; i)+ Lseperatiok i) fori =1;2
Update parameters; fori =1;2
if t modd =0 then
Update target networks:

0 i+@ ) °
P i+@ )P
end if
end for

4.3 Robustness of Training across Different Tasks

The performance of the wire- tting framework may still degrade when reward scales, action ranges,
or environment dynamics differ markedly across tasks. To be a robust algorithm, Q3C must (i)
maintain a diverse, well-spread set of control-points so the critic models a representative slice of the
action space in every state, and (ii) normalize the scales of the action distance and Q-value difference
despite varying reward magnitudes across states and tasks.

Control-point Diversity. While action-conditioned Q-value generation disentangles Q-values from
control-point generation, it does not ensure that control-points cover the action space. In practice,
we observe that control-points often cluster near the boundaries, limiting the expressiveness of the
learned Q-function (see Figure 6). While policies acting at extremes can perform well in certain
scenarios4{ 7], more uniformly distributed control-points offer richer representations and improved
robustness when applying Q3C. To spread them out, we add a pageyiseationoss with" 1.

L separatiof ) = S 3 |
separatioh ) = [N 1) j k& (s) &(s)kx+ "’

whereN = # of control-points  (6)
i6

which is minimized when the points are uniformly dispersed. We add this loss to the Bellman loss in
Eq. (2) weighted by a hyperparameter? (0; 1].

Scale-Aware Control-points and Q-valuesNe normalize action spaces|tol; 1] and use aanh
nonlinearity in the control-point generator. In Hd), while the action distancga  4;(s)j? are
bounded ir[0; 1], the Q-value difference term (ymax Vi) can vary widely between environments,
even with shared;, = c. We (i) rescale each state's control-point value§t@ [0; 1] within the

weight term onlyQ; = Q‘jﬁ and (ii) anneal the smoothing factgrexponentially. This prevents

max min

large rewards from overwhelming spatial information and keeps learning robust across diverse tasks.
Combining all the aforementioned modi cations, we present Q3C, a pure value-based reinforcement
learning algorithm for continuous control in Algorithm 1.



Table 1:Standard Environments. Final performance on Classic Mujoco Environments shows that
Q3C is comparable to TD3 while outperforming other baselines (mesta).

Environment TD3 NAF Wire-Fitting RBF-DQN Q3C
Pendulum-vl 14464 2528 25236 56:63 35152 39018 14388 2386 15953 1646
Swimmer-v4 30070 12564 2063 1262 31363 10623 9238 4497 31640 1475
Hopper-v4 311341 88817 50080 24093 198750 112706 218937 109313 320614 40723
BipedalWalker-vd 30962 10:94 10819 3476 7001 10028 26535 74:38 29011 2643
Walker2d-v4 477082 56016 217956 103459 246230 109541 78158 28266 397739 87970
HalfCheetah-v4 998474 107658 353150 80284 754623 123431 617557 304493 946866 94901
Ant-v4 516768 67344 1810 0:30 115459 42092 167403 96460 369841 131488

Figure 3:Standard Environments. Q3C is comparable in performance to TD3 and outperforms
other actor-free value-based baselines in most environments.

5 Experiments

We conduct experiments across a range of continuous control tasks and baselines. Our goal is to eval-
uate both performance in standard benchmark environments and robustness in settings with complex,
multimodal Q-functions. Further details about the environments can be found in Appendix E.

Environments. We evaluate our method on several tasks from the Gymnasium s(ijteSpeci cally,

we use Pendulum, Swimmer, Hopper, Bipedal Walker, Walker2d, Half Cheetah, and Ant tasks to
cover a range of task dif culty. In all experiments, we use state-based observations and do not modify
the reward function of the tasks. In addition, similar to prior wot¥, [39)], we create restricted
versions of a subset of the environments, namely Inverted Pendulum, Hopper, and HalfCheetah. We
follow the same procedure as Jain effall], where the action space is restricted by de ning a set of
hyperspheres as the valid section of the space. The actions outside this space are de ned as invalid
and have no effect on the environment. These restricted settings are designed to induce non-convex
Q-functions, where local maximization fails to nd the optimal action.

Baselines.We primarily compare Q3C against deterministic RL algorithms, including both actor-
critic and value-based methods, as our approach results in a deterministic policy and follows TD3's
exploration. Whenever possible, we use the of cial implementations from the stable-baselires3 [

and tuned hyperparameters from rlzo63][to ensure optimized baselines. We implement Q3C using

the same stable-baselines3 backbone to minimize implementation-level differences between methods.

(Ours): Q-learning for continuous control that learns a structurally maximizable Q-function via
a set of learned control-points with improved optimization and robustness for deep networks.

Wire-Fitting [12, 13]: Vanilla wire- tting Q-function approximation without our contributions.



Table 2:Restricted Environments. Q3C outperforms TD3 and actor-free baselines (meatd).

Environment TD3 NAF Wire-Fitting RBF-DQN Q3C
InvertedPendulumBox 78276 34892 90972 12014 38638 30757 86202 39805 1000 O
HalfCheetahBox 227670 203659 486705 148769 213978 470225 223838 322731 435782 150333
HopperBox 140683 116272 46154 38904 16978 81222 164115 79676 197428 117005

Figure 4:Restricted Environments. Q3C consistently outperforms TD3, RBF-DQN, and Wire-
Fitting in restricted environments and largely outperforms NAF. Q3C converges at a higher reward
with high stability while other algorithms are stuck at local optima.

TD3 [11]: A state-of-the-art actor-critic algorithm that improves stability in continuous control by
using double Q-learning, delayed policy updates, and target policy smoothing.

NAF [15]: A value-based algorithm for continuous action spaces that assumes the Q-function to a
guadratic form, allowing the optimal action to be computed analytically without an explicit actor.

[3]: A deep Q-learning algorithm variant that uses radial basis functions to approximate
Q-functions in continuous action spaces.

Evaluation Scheme We train 10 different random seeds for each algorithm. Throughout training, we
evaluate each method every 10000 steps by running 10 rollout episodes and report the average return.
The curves correspond to the mean, and the shaded region to one standard error across 10 trials.

5.1 Standard Environments

We present our quantitative results in Table 1 and learning curves in Figure 3. Q3C achieves
performance comparable to TD3 on most tasks, with the exception of Ant-v4, where it performs
suboptimally. Compared to the vanilla wire- tting baseline, which lacks our proposed additions, Q3C
achieves substantial improvements across all benchmarks, highlighting the impact of its components.

Other value-based algorithms than Q3C struggle in most environments. NAF consistently under-
performs, likely due to its restrictive inductive bias that the Q-function is quadratic in the action
space, which does not hold for complex control problems. RBF-DQN similarly achieves suboptimal
performance, possibly because its function approximation cannot reliably recover the true maximizing
action without excessive smoothing. Furthermore, it requires a large number of centrdi@§)(to
achieve suf cient Q-function expressivity, limiting scalability to high-dimensional environments.

These results show that Q3C is a viable alternative to deterministic actor-critic methods in common
RL benchmarks and the state-of-the-art actor-free method for continuous action spaces.

5.2 Restricted Environments

Environments with restricted action spaces help evaluate robustness of Q3C to complex Q-value
landscapes’/]. These constraints induce sharp discontinuities in the Q-values of nearby actions,
because they result in signi cantly different outcomes and returns. As a consequence, the Q-
function becomes highly non-convex and dif cult to optimize. Our experiments on restricted
environments presented in Figure 4 and Table 2 show that TD3 performs signi cantly worse in
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